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Abstract. Higher-order interactions play a crucial role in complex sys-
tems ranging from biological networks to social dynamics, yet classical
random geometric graph models only capture pairwise relationships. In
this paper we introduce Lévy Geometric Hypergraphs (LGH), a geometry-
aware generative framework for k-uniform hypergraphs driven by Lévy-
flight point processes. Vertices are placed by a Lévy flight whose step-
length distribution follows a heavy-tailed Pareto–Lévy law controlled by
a stability index α ∈ (0, 2], and k-uniform hyperedges connect each ver-
tex to its k − 1 nearest neighbours within a connection scale s. When
k = 2, the anchored construction gives a radius-constrained nearest-
neighbour subgraph of the underlying Lévy Geometric Graph (LGG),
preserving the same Lévy spatial geometry while controlling edge den-
sity. We motivate expected scaling forms for the mean hyper-degree and
normalised cluster-size survival using neighbourhood statistics of the
underlying Lévy geometry, and evaluate them through numerical sim-
ulations. A systematic finite-size scaling study finds no finite-size evi-
dence of a sharp percolation transition under the measured observables,
consistent with the underlying fractal, scale-free geometry. Comparative
experiments further highlight LGH’s scale-invariant fragmentation and
higher-order overlap structure. We discuss connections to hypergraph
neural networks and graph mining, positioning LGH as a useful gener-
ative model for benchmarking intelligent-computing algorithms on data
with higher-order structure.
Reproducibility code will be made available upon publication.
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1 Introduction

Complex systems are rarely composed of purely pairwise relationships. In so-
cial networks, scientific collaborations, and biological pathways, interactions fre-
quently involve three or more entities simultaneously [3,2]. Hypergraphs, in which
a single hyperedge can join an arbitrary subset of vertices, provide a natural
mathematical framework for such higher-order structures [4]. Recent years have
witnessed a surge of interest in hypergraph-based methods for machine learn-
ing [10,18,20], social computing [17], and recommender systems [12].



2 L. Li et al.

In parallel, the study of random geometric graphs (RGGs)—graphs whose
vertices are embedded in a metric space and whose edges are determined by spa-
tial proximity—has proven indispensable for modelling wireless networks, spatial
ecology, and neuroscience [13]. Classical RGGs assume that vertices are drawn
from a homogeneous Poisson point process, yet many real-world systems ex-
hibit heavy-tailed, spatially heterogeneous distributions. Lévy Geometric Graphs
(LGGs), introduced by Plaszczynski et al. [14], replace the Poisson process with
a Lévy flight—a random walk whose heavy-tailed step lengths are parameterised
by a stability index α ∈ (0, 2] [15,19]. LGGs inherit the fractal, self-similar geom-
etry of Lévy flights and display markedly different behaviour from their Poisson
counterparts: anomalous scaling of the mean degree, and the absence of a sharp
percolation transition [14].

Despite these advances, a systematic extension of the Lévy geometric frame-
work to hypergraphs has not been investigated. Such an extension is both natural
and practically relevant: many intelligent-computing tasks—community detec-
tion, link prediction, recommender systems—benefit from higher-order relational
information [1], and having a principled generative model that captures both
spatial heterogeneity and higher-order structure is highly desirable.

In this paper we bridge this gap by proposing Lévy Geometric Hyper-
graphs (LGH). Our contributions are as follows:
1. We define LGH via an anchored neighbourhood construction whose k = 2

case is a sparse radius-constrained nearest-neighbour LGG subgraph (Sec-
tion 3).

2. We motivate expected scaling forms for the mean hyper-degree ⟨dH⟩ and
cluster-size survival from Lévy neighbourhood statistics (Section 3).

3. Through Monte Carlo simulations we provide evidence for scale-invariant
fragmentation and no finite-size evidence of a sharp percolation transition
under the measured observables (Section 4).

4. We compare LGH with static random hypergraph baselines and secondary
growth-based references, and report a lightweight higher-order overlap diag-
nostic (Section 4).

2 Related Work

Random geometric graphs. Penrose [13] laid the rigorous foundations for RGGs.
The percolation transition—the emergence of a giant connected component as
the connection scale increases—is a cornerstone result [5]. Plaszczynski et al. [14]
introduced Lévy geometric graphs by connecting points of a Lévy flight within
a fixed connection scale, obtaining graphs with scale-invariant cluster statistics
and no evidence of a percolation-type giant-component transition.

Lévy flights and stable distributions. Lévy flights are random walks with heavy-
tailed step lengths, often modelled by distributions in the domain of attraction
of α-stable laws with 0 < α < 2 [15]. They have found applications in animal
foraging and human mobility [19]. The fractal dimension of a d-dimensional Lévy
flight is df = min(α, d) [9].
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Hypergraphs and higher-order networks. Battiston et al. [3,2] provided compre-
hensive reviews of higher-order networks, highlighting the limitations of pairwise
representations. Benson et al. [4] introduced higher-order motifs. Several random
hypergraph models exist, including the Erdős–Rényi k-uniform hypergraph [8]
and growth-based generative hypergraph models [7,11], yet, to the best of our
knowledge, existing models do not explicitly embed vertices in a metric space
with heavy-tailed spatial structure.

Hypergraph learning and intelligent computing. Hypergraph neural networks [10],
HyperGCN [18], and spectral hypergraph methods [20,6] have advanced node
classification and clustering. Antelmi et al. [1] surveyed hypergraph representa-
tion learning, noting the need for richer generative benchmarks. Sun and Bian-
coni [16] studied higher-order percolation on multiplex hypergraphs, providing
a framework we adapt to the geometric setting.

3 Methodology

3.1 Lévy Flight Point Process

We begin by generating a set of N points in R2 via a Lévy flight. Starting from
the origin, each successive step ℓi has length |ℓi| drawn from a Pareto–Lévy
distribution:

P (|ℓ| > r) = r−α, r ≥ 1, α ∈ (0, 2], (1)

and a uniformly random direction on the unit circle. The resulting point set V =
{v1, . . . , vN} inherits the fractal geometry of the flight: the fractal dimension of
the trace is df = min(α, 2) [9]. As α approaches 2, the Pareto–Lévy construction
enters a boundary regime that becomes progressively closer to Gaussian random-
walk geometry, although the transition is not abrupt under the Pareto cutoff
model.

3.2 Definition of k-Uniform LGH

Given a connection scale s > 0 and a hyperedge order k ≥ 2, we construct a
k-uniform hypergraph H = (V, E) as follows.

Definition 1 (k-uniform Lévy Geometric Hypergraph). For each vertex
vi whose neighbourhood Ns(vi) = {vj ∈ V : ∥vi − vj∥ ≤ s, j ̸= i} satisfies
|Ns(vi)| ≥ k − 1, form a hyperedge

ei = {vi} ∪ kNNk−1

(
vi, Ns(vi)

)
,

where kNNk−1 denotes the k − 1 nearest neighbours of vi within Ns(vi). The
hyperedge set is E = {ei : |Ns(vi)| ≥ k − 1} (duplicates removed).

This sparse anchored lifting is chosen to avoid the combinatorial explosion that
would arise from including all local k-tuples.
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Self-consistency. When k = 2, the anchored construction reduces to a radius-
constrained nearest-neighbour subgraph of the underlying LGG, preserving the
same Lévy spatial geometry while controlling edge density. Near α = 2, it ap-
proaches a boundary regime with progressively more Gaussian random-walk-like
geometry under the Pareto cutoff model.

3.3 Expected Scaling Laws
Mean hyper-degree. The hyper-degree dH(vi) of a vertex is the number of hy-
peredges containing it. The underlying LGG neighbourhood count motivates the
scale dependence [14]

E[Ms] ≈ A(α)sαD(α) − 1, (2)
where Ms = |Ns(v)| and A(α) and αD(α) are inherited from LGG neighbour-
hood statistics. Under the anchored construction, each eligible vertex generates
at most one k-uniform hyperedge, hence

⟨dH⟩ = k|E|
N

≈ kqk(s, α), qk(s, α) = Pr(Ms ≥ k − 1). (3)

Thus qk increases with s and decreases with hyperedge order k. The mean
hyper-degree inherits the scale dependence of the Lévy geometric neighbourhood
process, while remaining controlled by the anchored one-edge-per-eligible-vertex
construction.

Cluster-size distribution. Connected components in H are defined via hyperpath
connectivity: vertices u and v are connected if there exists a sequence of hyper-
edges e1, . . . , em such that u ∈ e1, v ∈ em, and ei ∩ ei+1 ̸= ∅. The self-similar
geometry of the Lévy flight suggests that the normalised cluster-size survival
function should approximately collapse across connection scales:

P (ñ ≥ x) ≈ Fα,k(x). (4)

Following the LGG observations, this scale-invariant survival curve may be em-
pirically approximated by a stretched-exponential form exp(−βxγ), but our con-
clusions rely on data collapse rather than on a universal parametric tail assump-
tion.

Finite-size percolation diagnostics. In standard RGGs and Erdős–Rényi hyper-
graphs, a giant component emerges at a sharp critical threshold [5,8]. For LGH,
the fractal, scale-free nature of the underlying point process suggests a much
smoother finite-size response. We therefore treat percolation as an empirical
finite-size question and monitor both the cluster fraction and largest connected
component, analogous to the LGG observations [14].

4 Experiments
All simulations are implemented in Python and executed on a standard work-
station. For each parameter setting, Nsim independent realisations are averaged;
error bars denote one standard deviation.
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4.1 Experimental Setup

We generate Lévy flights of N vertices in R2 with lower cutoff r0 = 1 and vary:

– Stability index: α ∈ {0.8, 1.0, 1.2, 1.5, 1.8, 2.0}.
– Hyperedge order: k ∈ {2, 3, 4, 5}.
– Connection scale: s ∈ {2, 3, 5, 7, 10, 15, 20}.
– System size: N ∈ {500, 1000, 2000, 5000}.

4.2 Visualisation (Fig. 1)

Figure 1 shows eight LGH instances over four hyperedge orders (k = 3, 4, 5, 6)
and two connection scales (s = 5, 15). The fractal clustering of the underlying
Lévy flight is clearly visible: dense local groups of overlapping hyperedges coexist
with long-range jumps that leave isolated vertices. Increasing s enlarges eligible
neighbourhoods, but the one-edge-per-anchor rule makes the hyperedge count
saturate quickly once most vertices are eligible. Increasing k from 3 to 5 reduces
the hyperedge count substantially because each vertex must find at least k−1
neighbours within connection scale s.

4.3 Scaling of Mean Hyper-Degree (Figs. 2, 3)

Figure 2 shows that the underlying neighbourhood degree grows regularly with
s and separates by stability index, matching the LGG statistics used in (2). The
cluster fraction decays monotonically but shows no sharp jump indicative of a
percolation transition. In Fig. 3, increasing k changes the eligibility probability
qk(s, α) and hence the mean hyper-degree in the direction anticipated by (3).

4.4 Scale-Invariant Cluster-Size Distribution (Fig. 4)

Figure 4 presents three side-by-side gradient-surface plots. Panel (a) varies the
connection scale s at fixed α = 1.5 and k = 3, showing approximate survival-
curve collapse across scales. Panel (b) varies α at fixed k and s: for α < 2 the
heavy-tailed surfaces are broad and smooth, whereas near the α = 2 boundary
the tail steepens. Panel (c) varies the hyperedge order k, illustrating how higher
k changes the survival surface while preserving approximate collapse.

4.5 Model Comparison

We compare LGH against four baselines:

– ER Hypergraph: k-uniform hyperedges placed uniformly at random.
– Poisson RGH: Uniform points in [0,

√
N ]2 with the same neighbourhood

rule as LGH.
– HyperPA [7]: Preferential-attachment growth model producing power-law

degree distributions.
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Fig. 1. Visualisation of Lévy Geometric Hypergraphs (α = 1.5, N = 300). The inset
label |E| shows the hyperedge count. The one-edge-per-anchor rule makes |E| saturate
once most vertices are eligible, while Lévy clustering keeps the hyperedge distribution
spatially heterogeneous.
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Fig. 2. Mean LGG neighbourhood degree ⟨d⟩ (left) and cluster fraction Nclus/N (right)
versus connection scale s for six values of α (k = 3, N = 2000). Log–log axes show the
inherited Lévy neighbourhood scaling used to motivate (2). Smaller α (heavier tails)
yields sparser connectivity and higher cluster fractions.

– HyperFF [11]: Forest-fire growth model with BFS-based hyperedge forma-
tion.

ER hypergraphs and Poisson random geometric hypergraphs are the primary
static baselines. HyperPA and HyperFF are included only as secondary growth-
based references, since their mechanisms differ from our static spatial generative
model.

Table 1 summarises the comparison (N = 2000, k = 3). To quantify self-
similarity we define the curve-collapse consistency score (SS). For each param-
eter setting, we compute the normalised cluster-size samples and compare their
empirical survival distribution with the median reference survival curve using
the Kolmogorov–Smirnov distance Di:

SS = 1− 1

m

m∑
i=1

Di,

where m is the number of parameter settings. Since Di ∈ [0, 1], SS ∈ [0, 1]. An
SS close to 1 indicates stronger curve-collapse consistency. This score is an em-
pirical data-collapse summary rather than a test of a universal power-law expo-
nent. LGH shows high curve-collapse consistency comparable to other geometric
baselines, while differing in finite-size transition behaviour and Lévy-induced
fragmentation. At comparable mean hyper-degree (⟨dH⟩≈ 2), LGH and PRGH
yield similar cluster fractions (0.079 vs. 0.088), while the finite-size diagnostics
below distinguish their transition behaviour.

Higher-order structural diagnostics. To address higher-order structure directly,
we also measure hyperedge overlap

o(ei, ej) = |ei ∩ ej |/k.
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Fig. 3. Mean hyper-degree ⟨dH⟩ and cluster fraction while varying the hyperedge order
k with α = 1.5 fixed. Larger k requires more neighbours within connection scale s,
reducing the eligibility probability and the number of valid anchored hyperedges; the
resulting ⟨dH⟩ reflects both this eligibility effect and the factor k in k|E|/N .

Table 1. Baseline comparison (N=2000, k=3, averaged over 5 parameter settings ×
5 runs). ER and Poisson RGH are the primary static baselines; HyperPA and HyperFF
are secondary growth-based references. SS: curve-collapse consistency score; t̄: mean
generation time (s); ⟨dH⟩: mean hyper-degree; Nclus/N : cluster fraction; Perc.: observed
sharp-transition behaviour under the measured diagnostics.

Model SS↑ t̄ (s) ⟨dH⟩ Nclus/N Perc.

LGH (ours) 0.937 0.024 2.15 0.079 No
ER Hypergraph 0.656 0.017 8.86 0.247 Yes
Poisson RGH 0.955 0.019 2.05 0.088 Yes
HyperPA [7] 0.000 0.119 8.98 0.001 Yes
HyperFF [11] 0.786 0.027 2.27 0.165 Yes

Table 2 reports the average overlap, the fraction of hyperedge pairs with nonzero
overlap, and the conditional mean overlap once an overlap occurs. Although the
unconditional overlap is small because most hyperedge pairs are disjoint, the
conditional overlap provides a compact diagnostic of how strongly overlapping
hyperedges share vertices.

Together, these properties make LGH a useful benchmark for community
detection and link prediction in intelligent computing.

4.6 Finite-Size Scaling (Fig. 5)

Figure 5 shows finite-size trends for N ∈ {500, 1000, 2000, 5000}. In models with
a sharp percolation transition, finite-size curves typically sharpen, cross, or show
abrupt growth of Smax/N near a critical sc. The absence of curve sharpening,
common crossing, or abrupt growth in both Nclus/N and Smax/N provides finite-
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Fig. 4. Three gradient-surface plots of cluster-size survival (N = 3000). Panel (a) varies
connection scale s at α=1.5, k=3; panel (b) varies α at k=3, s=5; panel (c) varies k
at α=1.5, s=5. The smooth gradient surfaces and approximate data collapse support
the nonparametric scale-invariance form in (4).

Table 2. Hyperedge-overlap diagnostic for static models (N=2000, k=3).

Model E[o] Pr(o > 0) E[o | o > 0]

LGH (ours) 0.00116 0.00247 0.469
ER Hypergraph 0.00149 0.00446 0.334
Poisson RGH 0.00114 0.00236 0.482

size evidence against a sharp percolation transition in the explored parameter
regime. We therefore state the result as no finite-size evidence of a sharp per-
colation transition under the measured observables, rather than as a proof of
non-percolation.

4.7 Discussion

The experimental results suggest three distinguishing properties of LGH:

1. Self-similarity. Cluster-size survival is approximately scale-invariant (Fig-
ure 4), mirroring the Lévy flight geometry.

2. Finite-size transition diagnostics. LGH shows no finite-size evidence of
a sharp percolation transition under Nclus/N and Smax/N (Figure 5).

3. Anchored scale response. The mean hyper-degree follows the eligibility
probability qk(s, α) inherited from Lévy neighbourhood statistics (Figures 2
and 3).

The present study focuses on the Lévy-stable heavy-tailed regime 0 < α ≤ 2.
For α > 2, the Pareto step-length distribution has finite variance and the pro-
cess is expected to cross over toward Gaussian random-walk geometry. Conse-
quently, the fractal sparsity, scale-invariant fragmentation, and absence-of-sharp-
transition behaviour observed here should gradually weaken. A systematic study
of this crossover regime is left for future work.

These properties make LGH a compelling generative model for benchmark-
ing higher-order learning algorithms—e.g. hypergraph neural networks [10] and
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Fig. 5. Finite-size diagnostics versus connection scale s for different system sizes N
(α = 1.5, k = 3). (a) Cluster fraction Nclus/N . (b) Largest component fraction Smax/N .
Both observables vary smoothly without curve sharpening, common crossing, or abrupt
largest-component growth.

spectral clustering on hypergraphs [20]—on data that exhibits realistic spatial
heterogeneity and higher-order structure, which is directly relevant to the intel-
ligent computing community.

5 Conclusion

We have introduced Lévy Geometric Hypergraphs, an anchored spatial lifting
of Lévy Geometric Graphs to the higher-order setting. By embedding vertices
via a Lévy flight and connecting k-nearest spatial neighbours within connection
scale s, LGH inherits the rich fractal geometry of heavy-tailed random walks
while capturing higher-order interactions through uniform hyperedges. We mo-
tivated expected scaling forms for the mean hyper-degree and cluster-size sur-
vival, and evaluated them through Monte Carlo simulations. A finite-size scaling
analysis found no finite-size evidence of a sharp percolation transition in LGH
under the measured observables.

Looking forward, LGH opens several avenues: (i) non-uniform hyperedge ex-
tensions (mixed k) to model heterogeneous interaction orders; (ii) theoretical
characterisation of the survival curve Fα,k and the α > 2 crossover; (iii) applica-
tion as a generative benchmark for hypergraph neural networks, graph mining
algorithms, and other intelligent-computing methods on spatially heterogeneous,
higher-order data.
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